This paper deals with a semilinear parabolic equation with variable source under the case that the initial energy is less than the potential well depth. We deduce a sharp threshold for blow-up and global existence of solutions. Furthermore, we conclude that the global solution decays as the time goes to infinity.
Introduction
In this paper, we consider an initial boundary value problem for the semilinear parabolic With the norm
the space L p(·) ( ) is a Banach space and gave a blow-up condition.
where α  is defined by
Later, another blow-up condition was derived by Wang and He [] .
, then the solution of Eq. (.) blows up in finite time.
Motivated by the above research, in this paper we have the main purpose to look for a sharp threshold for blow-up and global existence of solutions of (.) in general case (.) and (.) (in Section , we show E  > E  and E  ≥ E  ). We mainly use the potential well method, which was used to study the case p(x) ≡ p by Payne and Sattinger [] , and was widely used to consider other parabolic models during the last years, see, for example, [-]. Similar to [] , local existence and uniqueness of solutions of (.) can be obtained by the Banach fixed point theorem as follows. 
Denote the energy functional
and the Nehari manifold
In this paper, we assume that the initial energy is less than the potential well depth, namely
Now, we introduce our main results as follows.
Finally, we consider applications of Theorem . and derive the following results. This paper is organized as follows. In Section , we determine the blow-up condition of solutions of Eq. (.). In Section , we deal with global existence condition and then conclude that the global solution decays as the time goes to infinity. In Section , we prove Corollaries . and .. Finally, we summarize the main results of the current paper.
In the sequel, we use · p to denote L p ( ) norm, and denote the inner product in L  ( ) by the symbol (·, ·).
Finite time blow-up
In this section, we pay attention to studying blow-up of solutions to Eq. (.). To deal with Theorem .(), we first give some preliminary lemmas.
Lemma . It holds E
We then apply the Poincáre inequality to find that
thereby obtaining the inequality
This implies
Therefore, we deduce
Due to the arbitrariness of u ∈ N , we conclude E  > . Proof A direct computation yields
There exists a unique λ  >  such that
and decreases in (λ  , +∞). Conclusions ()-() are easy consequences of (i)-(iii).
Proof Choose a minimized sequence (
It follows from Lemma . that there exists a positive constant μ i ∈ (, ) such that
Now we can prove Theorem .() via the potential well method [] and the Kaplan method [].
Proof of Theorem .() By Lemma ., we have E(u) ≤ E(u  ) < E  . We claim that the solution u blows up in finite time provided that N(u  ) < . Otherwise, assume that u is global
ε by Lemma .. Consequently, N(u) < -ε for all t > . Indeed, if there exists
Then by (.) we get that
Consequently, we have
Next, we derive a contradiction by showing that M(t) blows up in finite time. We deal with variable source as
where | | is the measure of . By the Hölder inequality, we have
Therefore, by Lemma ., we rewrite M (t) in (.) as
It follows from (.) that there exists t  >  such that
 . This immediately implies that M(t) blows up in finite time, a contradiction.
Global existence of solutions
In this section, we consider global existence of solutions to Eq. (.) and study asymptotic behavior of the global solution.
Proof of Theorem .() We divide the proof into two cases:
This is a contradiction to the assumption condition (.). By uniqueness of solutions to (.), we have the solution u(t) =  for all t ≥ .
If N(u  ) > , if u(t) =  for some t, then u(s) =  for s ≥ t by uniqueness, and the conclusion is true. Hereafter, we assume that u(t) =  for all t ∈ (, T). We claim that N(u) >  as long as the solution u exists. Otherwise, there exists t  such that N(u(t  )) = . By Lemma ., E(u(t  )) ≤ E(u  ) < E  , which contradicts the definition of E  . Therefore, 
Multiplying (.) by v ∈ H   ( ) and integrating, we have
Letting i → ∞ in the above equality, we obtain that
Choosing v = ϕ in the above equality, we have N(ϕ) = . By (.) and the mean value theorem, we derive that
By the weak semi-continuity of H   ( ) norm and (.), we have
This with
we get that
This with (.) imply that
Consequently, E(u(t i )) →  as i → ∞. This with the fact that E(u(t)) is decreasing with respect of time t and E(u(t))
Therefore,
This with the Poincáre inequality imply that u(t) →  strongly in H   ( ). It holds E  = E  .
Proof For any u ∈ N , by Lemma ., we have that
Therefore, E  ≥ E  . On the other hand, for any u ∈ H   ( ), u(x) = , by Lemma ., there exists λ  >  such that max λ> E(λu) = E(λ  u) and N(λ  u) = . This implies that max λ> E(λu) ≥ E  . Because of the arbitrariness of u, we have E  ≥ E  . The proof is complete.
Next, we compare E  with E  and E  , where E  is defined in Proposition . and E  defined in Proposition ., respectively. Lemma . E  > E  and E  ≥ E  .
Conclusions
The main aim of the current work is to study asymptotic behavior of solutions to the parabolic equation (.). We prove that, when the initial energy is smaller than the mountain pass level corresponding to the stationary equation of (.) (see (.) and Lemma .), the initial Nehari functional plays an important role in determining asymptotic behavior of the solution of (. 
